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Abstract— In this paper, a novel iterative self-triggered model
predictive control strategy is proposed for continuous-time
nonlinear systems with external disturbances. For this strategy,
the triggering instants are determined by iteratively using
the self-triggered mechanism. To be specific, the triggering
mechanism, on the one hand, determines the next sampling
instants of the sensor by a prespecified condition, and, on the
other hand, decides whether or not to treat the current sampling
instant as the triggering instant. Without continuous monitoring
of the state, the sensing cost of the sensor can be alleviated.
The utilization of the sampling states after the triggering instant
leads to a larger triggering interval, and the computational load
of the controller can thus be reduced. The effectiveness of the
proposed strategy is validated by a numerical example.

I. INTRODUCTION

The conventional execution of control tasks is usually im-
plemented in a periodic way, which may cause unnecessary
energy consumption, such as the unnecessary utilization of
communication in networked control systems [1]. Therefore,
it is desirable to reduce the number of transmissions. With
this motivation, event-based control has given rise to much
attention in recent years, since it offers the advantage of per-
forming actuation only when the system needs attention [2].
Loosely speaking, event-triggered control and self-triggered
control are two main event-based control approaches [3].

Model predictive control (MPC) has played an important
role both in industry and academia for decades due to its
conspicuous advantages in dealing with constraints and non-
linearities [4]. In a nonlinear MPC algorithm, a finite-time
optimal control problem (OCP) needs to be solved repeatedly
at every update time, resulting in a heavy computational load,
which impedes the wide application of MPC. Therefore, it
is quite necessary to design a scheduling strategy to reduce
the consumption of computation resources when performing
the MPC algorithm.

The event-based MPC framework provides a promising
way to alleviate the computational load because it reduces
the number of the OCP to be solved, see, e.g., [5]-[8] for
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event-triggered MPC and [9]-[11] for self-triggered MPC.
For event-triggered MPC, the OCP is solved only when some
prescribed triggering conditions are violated. For example,
the event-triggered MPC for continuous-time nonlinear sys-
tems is investigated in [5], where the computational load
is reduced significantly. This result is extended in [6] by
considering the state constraints. However, one may notice
that continuous monitoring of the state is required for the
event-triggered MPC of continuous-time systems, leading to
high sensing cost. To overcome this drawback, intermittent
sampling is proposed in [7], but the result is conservative
because the sampling time is still relatively small (sampling
frequency is high).

For self-triggered MPC, the OCP is solved and the next
triggering time instant is determined according to the resul-
tant predictive state and control sequences. As a result, the
continuous monitoring is no longer required. However, for
the perturbed system, since the predictive state error, i.e., a
deviation between the predicted state and the actual one, is
derived by using the worst case of the disturbance without
resorting to the current system state, a conservative triggering
instant may be obtained compared with the one obtained
by the event-triggered strategy [12]. Therefore, although the
sensing cost is reduced, the communication load may still
heavy.

Motivated by the above facts, we propose an iterative
self-triggered MPC strategy that combines both the advan-
tages of the event- and self-triggered control. First, we
determine the sampling instant in a self-triggered manner
rather than periodically in event-triggered MPC . Then, the
next sampling instant is obtained by employing the true
predictive state error computed based on the sampled state.
The sampling instant is set as a triggering instant only when
the interval between the two consecutive sampling instants
is rather small. The proposed strategy brings the following
two benefits. (1) The self-triggered manner avoids continuous
monitoring or periodic sampling, resulting in a lower sensing
cost of the sensor than the one in [5], [6]. (2) Different
from the conventional self-triggered MPC, the triggering
instant is determined by using the true predictive state
error at the sampling instants, leading to larger triggering
intervals. Moreover, the triggering condition is adaptive to
the triggering interval, which further enlarges the triggering
interval compared with the results obtained by [5], [6].

This paper is organized as follows. Section II presents the
system description and preliminaries. Section III gives the
main results, including the design of the specific iterative
self-triggered MPC strategy, and the feasibility and stability
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analysis. In Section IV, an illustrative example is shown to
verified the effectiveness. Section V concludes this paper.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

Consider the following continuous-time nonlinear system
with additive disturbance

#(t) = f(z(t),u(t) +w(t), t > to (1)

where z(t) € R™ and u(t) € U C RP denote the state and
the control input, respectively, w(t) € W = {w € R" :
lw]lp < p,p > 0} is the bounded disturbance with ||w| p =
VwT Pw and P > 0 being a positive definite matrix, and tg
represents the initial time. I/ is a compact set and contains the
origin as an interior point. The function f : R™ xU — R"
is twice continuously differentiable satisfying f(0,0) = 0,
and is Lipschitz continuous in R™ with a Lipschitz constant
Ly > 0 depending on the weighted matrix P, i.e., Vx,y €
R™, it holds that

The nominal system of the system (1) is obtained by
letting w(t) = 0,

B(t) = f(&(t),a(t)). 3)

The linearization of the system in (1) around the origin is
represented as

z(t) = Az(t) + Bu(t) + w(t) 4)

where A = 9f/02(0,0) and B = 9f/0u(0,0). For system
(4), the following standard assumption is given.

Assumption 1 ([13]): For system (4), there exists a feed-
back control law u(t) = Kx(t) such that Ax = A+ BK is
Hurwitz.

Based on Assumption 1, the following lemma, which plays
an important role in the feasibility and stability analysis, is
given.

Lemma 1 ([5], [13]): Suppose that Assumption 1 holds.
Given two positive definite matrices () and R, there exists a
positive definite matrix P, a constant € > 0 and a feedback
gain K, satisfying

V(@) |a@=r @@, xe) < —llz@)5- ®)

and Kx € U for all x € Q, where V(z) = ||z||%, Q= {z €
R":V(x) <e?},and Q* = Q + KTRK.

III. MAIN RESULTS

In this section, the iterative self-triggered MPC strategy is
designed, followed by the feasibility and stability analysis.

A. Iterative Self-Triggered MPC

The schematic block diagram of the iterative self-triggered
MPC strategy is depicted in Fig.l1 and the overview is
stated as follows. The smart sensor consists of an iterative
self-triggered mechanism (ISTM) and a sensor. The ISTM
determines the sampling instants of the sensor on the one
hand, and determines the transmission (triggering) instant of
the sampled state on the other hand. If the triggering instant

is updated, the OCP is solved by the controller based on the
current sampled state. Otherwise, the smart sensor continues
to calculate the next sampling instant and checks whether or
not to update the triggering instant.

In the following parts, we formulate the OCP, design
the adaptive event-triggered condition, and based on which
derive the ISTM.

/~

Smart |
Sensor
— Actuator Plant ‘
N Sensor
Transmittel |
*(s; ty) x(tk)
Controller

Fig. 1. The implementation of the iterative self-triggered MPC strategy
1) OCP: Denote by tj, k € N the triggering instants when
the OCP is solved. The cost function is defined as:

J(&(s;tk) (5 tx)) = | &(tx + T3 i) |2

th+T
= [T il + s ol ©)
k

where T is the prediction horizon. 4(s;ty) is the predicted
control input trajectory and Z(s;t) is the corresponding
predicted state trajectory based on (3), where s € [t, tp+T].
@, R and P are all po weighted matrices. With the above
descriptions, the OCP is then formulated as follows:

min_ J(2(s;tx), U(s;tr))

a(s;ty

st a(sity) = f(@(s;ty), as;ty)), &ty te) = o(ty) (Ta)
a(s;tr) €U (7b)
ﬁf(tk +T; tk) S Xf, (7¢)

where s € [ty t) +T], and Xy = {x € R" : [|lz]|p < 7}
is the terminal state constraint set with 0 < ey < €. The
optimal control input @*(+;¢;) is generated by solving the
above OCP, and the corresponding optimal state trajectory is
denoted by &*(-;tx). The optimal cost for the OCP at ¢, is
then denoted by J*(x(tx)) = J(&*(s;tx), 4*(s;tx)).

2) Adaptive event-triggered condition: Since the pre-
dicted state trajectory is generated based on the nominal
model (3), there is an error between the true and the nominal
state, which may result in the infeasibility of the OCP if the
triggering interval is too large. To tackle this issue, we design
the following adaptive event-triggered condition to determine
the triggering instants.

l2(s) = & (s;th)[|p = (¢ — ep)e o FT=)
s—tpy =T

where s > t;. Only when either of the above condition is
satisfied, the event is triggered and the triggering instant is

(®)
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updated to t;1 = s. The OCP is solved again utilizing the
state x(tx41) as the initial condition.

Observe that the above triggering condition depends on
the current measurement z(s; ¢y, ), which requires continuous
monitoring of the state, leading to high-cost sensing. Hence,
this condition is not suitable for practical implementation.

Remark 1: Compared with the triggering conditions with
a constant triggering threshold in [5], [6], the triggering
threshold in condition (8) increases with respect to the
triggering interval (s — t), enjoying lower conservativeness.

3) Self-triggered sampling: The self-triggered mechanism
is an effective way to avoid continuous monitoring, but large
conservativeness will be brought because only the state at
triggering instant and the upper bound of the disturbance are
used. To overcome the shortcoming of the conventional self-
triggered mechanism, we combine the ideas of the event-
and self-triggered mechanism to propose the ISTM. The
idea of the self-triggered sampling mechanism is depicted in
Fig. 2. We iteratively employ the conventional self-triggered
mechanism to determine the next sampling instant. One may
notice that multiple samplings are included between two
consecutive triggering instants. That is, the conservativeness
is reduced compared with the conventional self-triggered
mechanism via the utilization of the actual predicted state
error and the increasing triggering threshold.

predicted error

Self-triggered
mechanism

Triggering
threshold

i

te tip t2 ot tf t) tf t] tker

Fig. 2. Basic idea of self-triggered sampling mechanism

Now, we derive the iterative self-triggered condition in-
spired by (8) as follows. Let ¢7'(k,m € N) be the mth
sampling instant after ¢; and set t) = t;. We design the
following triggering condition that will be employed at each
sampling instant.

P elru+T—t3") _
Ly
+ () = & (s t) | pe T = e — g (9)

As shown in Fig. 2, at each sampling instant ¢7", the smart
sensor samples the current state z(¢}") to determine the next
sampling instant ¢;"*" according to (9). If t]" ™! 1 is lower
than a prespecified constant o, we set ¢, 1 = 1} as the next
triggering instant.

With the above descriptions, the next triggering instant
ti+1 is determined as follows.

els (tr +T—t2,"+1)}

where o > 0 is the minimum sampling interval.
The overall iterative self-triggered MPC strategy is demon-
strated by Algorithm 1.

Algorithm 1: Iterative Self-Triggered MPC Algorithm

Initialization: Initial state z(to); weighted matrices @,
R, and P; parameters o, ¢, and ¢¢; prediction horizon
T.

1: At any sampling instants 7",k € N, the smart sensor
samples the state x(¢}") to determine the next sampling
instant ¢! via (9);

2: If tL”H -t <o or tL”H >t + T, set tgy1 =t or

tx+1 = tx + T according to (10), k =k +1,m =0 and

solve the OCP to obtain @*(s;ty);

Apply @*(s;tx) to the system (1);

4: Set m = m + 1 and go to step 1.

(O8]

B. Feasibility Analysis

The feasibility means that the solution of the OCP in (7)
exists at each triggering instant ¢, provided that the OCP
admits a solution at £(. First, we give a lemma that formulates
the upper bound of the state error between the actual state
and the predicted one.

Lemma 2: If the nominal system (3) and the perturbed
one (1) are controlled by the same control input @*(s; ),
then the state error between x(s) and Z*(s;tx) is bounded
by

lo(s) = (s )l < £ (eF07 - 1)

— & (5 t)llpe™ 7Y (A1)

+ [z (5)

where 5 > ;.
Proof: From (1) and (3), we obtain

[z(s) — 2" (s;te) | P

+ [ 16

= ||z(3) (1;tk)) + w(r)dr
— & (5t) — | f( (@ (s ty), 0" (73 t))dr P
< o(3) — #* (5 tu) |l + pls — 5)

s
—1—/ Ly|la(r) — &% (7 t) | pdr.
Using the Gronwall-Bellman inequality yields

lz(s) = 2% (s; tx) | P
14 ( Ly(s—35)
< ’ —
= Lf €
This proof is completed. [ ]
Based on Lemma 2, we can obtain a lower bound of the
triggering interval, which is stated in the following lemma.
Lemma 3: For the system (1), if the triggering instants
sequence ti, k € N are generated by Algorithm 1 and the
prediction horizon is chosen such that

1) + la(5) — & (5 )| e .

trog =14k ; 10 2 e —¢y)
tan {tk +T, otherwise t""! >t + T, (10) T2z L, In P (12)
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is fulfilled then the triggering interval is lower bounded
by 4, that iLs}TinfkeN{tkH — tp} > 0, where § :=
%f n peLpr*eLf(E*Sf)

Proof:  According to (10), the first sampling instant ¢},
after ¢;, may be the latest triggering instant. In other words,
thr1 > t}c always holds. Substituting t% = t; into (9), we
have

P eLsT _ oLyt T—t0)y < o _ ¢
L (e e ) < ¥
Using the condition in (12), we have

pel T

peliT — Ly(e —gf)

1 1
tk+1—tk2tk—thfln
f

This completes the proof. [ ]

The recursive feasibility is shown by the induction princi-
ple, therefore, the initial feasibility is assumed at first. Recall
that the definition of the feasible set in [14] is X={z(ty) €
R™: the OCP admits a solution for a given 7'}

Assumption 2 ([5]): The prediction horizon is chosen
such that X # () and z(tp) € X.

Theorem 1: Consider the system (1) with Assumptions 1
and 2. Algorithm 1 is recursively feasible if the minimum
triggering interval satisfies
3 2
AP) In 5—2
AQ) e f
where \(P) is the maximum eigenvalue of P and \(Q*) is
the minimum eigenvalue of Q™.

Proof: First, we construct a feasible solution candidate
at t;41 based on the optimal solution 4*(s;ts) at ¢ as:

6>

13)

*

aw*(s;th),
K

(85try1),

s € [tk,tk —l—T],

(14)
s € [te + T, tpsr + T

(s tht1) _{ E
T
where the state trajectory Z(s;tx41),S € [tk+1,tk+1 +
T] is subject to the nominal system dynamics (3) with
Z(tg+1;tkr1) = x(tgs1). In the remainder of this proof,
we need to show that @(s; tx1) is a feasible solution for the
OCP at tg11, which is equivalent to proving that the control
input constraint in (7b) and the terminal state constraint and
(7¢) are satisfied.
To begin with, we show that the following inequality holds
based on the condition in (9)

2 (tegr)—2" (tegr; te) | p < (e — ep)e” B HT=ta1) (15)
From Lemma 2, we have
2(tkt1) — 2" (trrrste)llp < L (ebstn=t) _q
+ + I;
+ () — & (1 )| pe™ =D (16)
By virtue of (9) and the fact that ¢34 < t?“, we obtain
l(t5) — &* (£ ti) || pets e =)
(17)

Combining (16) and (17), we obtain (15).
In the sequel, the satisfaction of the constraints is proved.
o Z(s;tr41) € Xyt The core of proving the satisfaction
of the terminal state constraint is to derive the upper
bound of the error between Z(s; tr11) and Z*(s;t) for
$ € [tg41,tx + T). First, due to the same control input
@*(s; 1) being applied during s € [ty, t5+7], we obtain

Z(s;ths1) — 2" (s3th)|lp

S

= ||Z(ths1; thgr) + F(@(Tthgr), W(Ts tegr))dr

th+1

— & (tpg1s ) — f@*(rte), 0" (5 t))dr||p

th+1
<N Z(tkt1;thtr) — 2" (Eps1; te) ||l P

s [ L) -8 )l

th+1

< o (tegr) — B (trras tr) || pets i) (18)

where the triangle inequality and the Gronwall-Bellman
inequality are used. By virtue of (15), we obtain
|2(tis1) =2 (trras ti) | p = (e —ep)e” Br it T =),
Then, substituting s = t; + 71" into (18), one can obtain

||1~3(tk +T; tk+1) — f*(tk + T tk)”P <e-— Ef- (19)

Since *(tx, + T;tx) € Xy, one obtains ||Z(ty +
T;trt1)|lp < e. In this case, the state-feedback Kx
is used. Recalling Lemma 1, we have V (Z(s;tg41)) <
—l|2(s; tri1)ll- < —AQ")/A(P)V (E(s; try1)). Uti-
lizing the comparison principle [15], we obtain

AQ") (s—tk—T)

V(&(sitpi1)) < e 3P (20)

Thus, we have ||Z(s;tp1)|lp <&, Vs € [tr+ T, tgy1 +
T). Substituting s = tx41 + T into (20) results in
V(E(tpr + Titegr)) < e2e QAP Eera—te) <
g2~ AMQT)/AP)S  Considering the condition in (13), one
can obtain V(Z(ty1 + Titey1)) < €7, e, F(tpyr +
T; tk+1) S Xf.

o U(s;tpy1) € U: For s € [tga1,tp + T, a(s;tpr1) =
ﬂ*(s; tk) € U. For s € [tk + T, tk+1 + T], ﬁ(s; tk+1) =
Ki‘(s; tr+1). Then, ’11(8; tk+1) eU,Vs e [tk—‘rT, thy1+
T] follows from Lemma 1.

This completes the proof. [ ]

C. Stability analysis

In this section, the stability of the closed-loop system
under the implementation of Algorithm 1 is analyzed. Specif-
ically, we will prove the closed-loop system is regional Input-
to-State practically Stable (ISpS) [16].

Theorem 2: Suppose that Assumptions 1 and 2 hold, the
conditions in (12) and (13) are fulfilled. Then, the closed-
loop system is ISpS in A under Algorithm 1.

Proof: According to [16, Definition 4], one should
prove that the system allows a ISpS-Lyapunov function
in X. First, we set V(z(t)) = J(Z(s;t),a(s;t)) as the
Lyapunov function candidate. In particular, if t = %5, we
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set V(z(tg)) = J(@*(s;t), @*(s;t)). In what follows, we
show that V'(x(t)) is an ISpS-Lyapunov function, that is, the
following hold

a([lz(@®) < V(2(1)) < ea(llz(®)])
V(x(t) < —as((lz@)]) + B(p) + ¢

for all z(s;t) € X, t € [ty,ty + T), where oy, a2 and ag
are three /., functions, 3 is a K function and ¢ > 0 is a
constant.

We first consider ¢ = t;. The lower bound of V' (x(tx))
can be easily obtained and is omitted here. From Lemma 1,
integrating inequality (5) from ¢ to t; + T yields

1% (t + Ts i) I3 — 12" (b ) I

tht1
< —/ (& (ms te) 1B + a* (75 t) | R)dr
tr

2n
(22)

(23)

Substituting (23) into (6) yields V (z(t)) < [|2* (tr; tr)]|% <
MP)||z(tr)]]? & az(||z(ty)]]) for all 2(t,) € Q. Then,
we follow the similar idea in [16, Lemma 4] to obtain the
upper bound of V(x(t;)) in X. There exist a V such that
V(z(tr)) < V,Va(ty) € X. Define a set B, = {x € R" :
lz|| < r} C Xf. Let 6 = max(l,az%), one can obtain
V(@(tx)) < as(fl(te)]) where as(|zl)) = 0az(|a]).

It remains to show that (22) holds. The derivative of the
Lyapunov function candidate is defined as

V(z(te +h)) = V(x(ts))

’ .
Denote the difference of the cost function between two time
instants t; and t; + h by AV (x(tx)) = V(x(tx + h)) —
V(z(tx)), then we have (25) below.

V(x(tr)) 2 limy,_o+ (24)

AV (z(ty))
tr+h
== [ st + 1 e e
k
Ay
t+T
[t m)I - 18 (st )dr
tr+h
Az

tr+h+T
+ / (12 (75t + G + 1a(Ts t + R) ) dr
t

k+T
Az
+ |tk + h+ Tty + W) — 127tk + T te) 5. (25)
As

In the sequel, we consider Ay, Ao, and A3 one by one.

tr+h
N —A(Q)/ 2% (7 ) 2. 26)

ty
Define constants Lg and Lp such that [|z[|3, — [y, <
Lglz - yllg. Yo,y € X and |z]|% — |ly|3 < Lplz —yllp.
Vz,y € . Then, combining (8), (13) and (18), Ay becomes

t+T
Ao < / Lo(|E(r:tx + h) — 2 (r: 1) | @)dr
tr+h

5‘(\/@) et ~0 . AR (.
<1 /W Lo(|#(rs ty + h) — & (vs )| p)dr

AWQ) [T - ,
<38 /w Loll(ti + h) — 2 (ti + hs i) p

X eLf (S—tk—h)dT

/\(\/Q)LQP eLsb _ e f(T—h) _
SA(\/ﬁ)L?(Lh 1)(LTI 1)_

By virtue of Lemma 1 and (19), it follows

27)

th+htT
Az = / |Z(; t + h)| %*dT
t+T

+|E(te + b+ Tt + 1) B — [18%(t + T t) |7
<&tk + Tste + h) | — 12 (te + T te) |2

< Lp (eXh —1) ebs(T=h), (28)

Substituting (26), (27) and (28) into (25) and considering
h — 07, we can obtain

Vi(a(ty)) < —as((lz(te)l]) + B(p) + ¢ (29)

where as(|lz(te)) = AMQ)zt)I* Blp) =

AL _
WP)L? (eLf(T) — 1) Ps and ¢ = LPLfeLfT.
When ¢ € (t,tr + 7], (21) and (22) can be obtained by

using the same proof line as above, which are omitted in this
paper due to the page limit. The proof is completed. [ ]

IV. NUMERICAL EXAMPLE

This section validates the effectiveness of the proposed
iterative self-triggered MPC strategy by an example.

Consider a cart-spring-damper system [5] and its system
dynamics are formulated as

{x’l(t) = 22(t)

Zo(t) = 7%6711@)3}1@) _ il’g(t) + u(t) + w(t)

m m m

(30)

where the component x; and x5 are the displacement and
the velocity of cart, respectively. The mass of the cart is
m = 1.25kg, the stiffness of the nonlinear spring is k =
0.9N/m, and the viscous damping is h = 0.42N.s/m. u(t) is
the control input, and w(t) is the disturbance. The control
input constraint is set as &« = {u; : —1 < u < 1}. The upper
bound of the disturbance is p = 0.001. The initial state is
x(to) = (0.2, —0.2).

To implement Algorithm 1, we set the matrix Q@ =

0(')5 005 , R = 0.1. Using LQR to obtain the feed-back

gains K = [—1.5104, —2.5721]. The matrix P is calculated
1.2551 —0.6151

as P = _06151 08054 | and the level set and the

terminal set are determined as € = 0.2,y = 0.18 by utilizing
the method in [13]. Thus, the Lipschitz constant is L; = 2.5.
The minimum sampling interval is 0 = 0.05s. The prediction
horizon is set as 7' = 3s according to Lemma 3 and Theorem
1.

The displacement, velocity, and control input of the cart
under Algorithm 1 are shown in Figs. 3-4, respectively. It can
be seen that the control input constraint is satisfied and the
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Fig. 3. The displacement and velocity of the cart.

0.25 T T T T
Algorithm 1

the algorithm in [6]
0.2 1

0.15

Input u(N)
o

0.05

.0.05 I I I I I I I I I

t(s)

Fig. 4. The control input of the cart.

closed-loop system is ISpS. The triggering instants and the
sampling instants are illustrated in Fig. 5. It can be observed
that the sampling behaviour is taken place only at certain
sampling instants instead of periodically. Additionally, the
triggering interval is greater than § = 0.45 according to
Lemma 3, and the computational load is reduced significantly
compared to the algorithm in [6].

V. CONCLUSION

In this paper, the self-triggered MPC for continuous-time
nonlinear systems with external disturbance has been inves-
tigated, and a novel iterative self-triggered MPC strategy
is proposed. With this strategy, the sensing cost has been
alleviated efficiently by avoiding continuous monitoring of
the state, and the computational load has been reduced by an
adaptive triggering condition. The feasibility of the proposed
strategy and stability of the system have been proved. The
effectiveness of the proposed strategy has been validated by
a simulation example.
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