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This paper proposes an event-based uniform prescribed-time output feedback control (PTOFC)
approach for irregular output-constrained nonlinear systems (OCNSs). Unlike the most existing
methods of OCNSs, they mainly focus on OCNSs with infinite-time/deferred output constraints
(i.e., the output constraints existing for all + > 0 or ¢ > t,), while many actual systems often
suffer from irregular output constraints (including infinite-time constraints, deferred constraints,
unconstrained, constrained and unconstrained alternations, etc.), leading to new challenges in
control design. By devising a stretch model-based nonlinear mapping function, and combining
with event trigger control (ETC) technique, an event-based unified output feedback control
algorithm is proposed, and the significant advantage is its suitability for infinite-time/de-
ferred/alternant OCNSs, as well as unconstrained systems, without necessitating modifications
to the control structure, and the communication burden is also effectively reduced. Furthermore,
with the aid of the scaling transformation function (STF)-based prescribed-time stability (PTS)
criteria, a novel prescribed-time state observer (PTSO)-based PTOFC algorithm is designed,
under which the settling time can be pre-set arbitrarily regardless of the initial system states and
control parameters. Meanwhile, the problems of singularity and large initial control input in
conventional prescribed-time control schemes are eliminated. The presented approach is verified
by means of simulation examples.

1. Introduction

Due to users’ special needs for control performance, physical limitations or production safety, the control for OCNSs has become a
rapidly emerging topic in the last few decades. The barrier Lyapunov function (BLF)-based approach [1] has garnered great attention
since its inherent merits of low computational complexity and absence of optimization requirements. For instance, with the help
of symmetric/asymmetric log/tan-type BLFs, the control algorithms for symmetric (or asymmetric) OCNSs with different forms
were proposed in [2-8]. Another popular method for dealing with constraint problems is called the nonlinear mapping function
(NMF)-based methods, see [9-15] and references. The NMF-based methods innovatively establish a nonlinear mapping between
output/state variables and auxiliary variables on the constraint interval to the set of real numbers, and then control the auxiliary
variables to ensure that the constraints are obeyed. The merit of the NMF-based approach over the BLF-based approach is that
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the intermediate control function does not need to meet any constraints. It is noteworthy that the majority of current approaches
mainly focus on nonlinear systems with infinite-time constraints (i.e., the constraints always exist), which do not fit with many
practical scenarios. Towards this end, the recent advancements in control methods for deferred OCNSs [16-18] have overcome the
above limitations to a certain extent, and even enable achieving global stability. In practice, however, the system may also often
suffer from irregular output constraints (including infinite-time constraints, deferred constraints, unconstrained, constrained and
unconstrained alternations, etc.). As an illustrative example, in addition to the usual infinite time/deferred constraints, the UAV
encounters constraints only within specific areas when navigating through multiple narrow passages for a rescue mission, rather
than throughout the entire operation. Evidently, the control design for irregular OCNSs is more challenging, and has wider practical
application requirements. Recently, some novel approaches of irregular output/state-constrained nonlinear systems [19-22] were
presented. Nevertheless, the above methods are based on the premise that all states can be measured, which inspires us to further
study the output feedback control algorithm for irregular OCSNs.

Due to limitations in cost, accuracy and measurement instruments, the state variables of actual systems are often unmeasurable. It
is evident that the state-feedback control algorithms of OCNSs are not suitable for the OCNSs with unmeasurable states. As a result,
the state observer-based output feedback control algorithms were presented for OCNSs, see [23-30] and related references. For
instance, by means of state observer and tan-type BLFs, two output feedback control methods were presented for output-constrained
robotic systems [23,24]. With the aid of log-type BLFs, the output feedback control methods for OCNSs with finite/fixed/predefined-
time convergence were presented in [25-27],respectively. Recently, some novel output feedback control schemes of OCNSs with
deferred output constraints were proposed in [28-30], which can achieve the global performance. It should be noted that all the
above methods are still limited to OCNSs with infinite-time/deferred output constraints, so investigating the output feedback control
of irregular OCNSs poses a formidable yet meaningful pursuit.

As is widely acknowledged, the attainment of system stability within a limited time holds significant value. Towards this end,
the finite-time control (FTC) [24,25,31,32] and the fixed-time control (FxTC) [10-13,17,26,33-35] were obtained for nonlinear
constrained systems. The existing FTC and FxTC methods, however, have limitations in which the settling time is contingent upon
initial system states and control parameters, thereby greatly diminishing their practical application in control systems. Afterwards,
the prescribed-time control (PTC) first presented in [36] has garnered significant attention, its most notable advantage is the ability
to arbitrarily pre-set settling time regardless of the initial system states and control parameters. As a result, numerous effective PTC
algorithms emerged. For example, the STF-based PTC algorithms of uncertain nonlinear systems [37,38], switched systems [39],
multi-agent systems [40], high-order systems [41], and stochastic systems [42,43] were obtained. What calls for special attention
is that the STF in [37-43] is infinite at the prescribed time, which may result in the singularity during implementation of the
constructed controllers. Therewith, a novel practical PTC algorithm was presented [44], which avoids the singularity problem.
Inspired by [44], Zeng et al. [45] presented a PTOFC algorithm for switched systems. Nevertheless, the prescribed-time stability
(PTS) of [44,45] should follow the following harsh condition: . < —%(1).# (where %(¢) and .# represent time-varying function and
Lyapunov function (LF), respectively). Recently, some novel more relaxed criterion-based PTC algorithms were obtained in [46-49].
For instance, Wang et al. [46,47] proposed two event-based practical PTC algorithms, where the following condition should be
satisfied: . < —k.& — (2‘5 /€ (t)) £ +n/€ @)+ 8, € (1) stands for a piecewise time-varying function, k,7n,6 € R*. The presence
of n/¢ (1), however, still leads to singularity. In addition, the practical PTC algorithms without singularity were recently proposed
in [48,491, where the following condition should be satisfied: .2 < —(z/rT)(L'+/? + £'=/2) 4+ 6 with r,T,6 € R*. Note that the
inclusion of a term with an exponent greater than 1 in the designed control input leads to a large initial control input. Recently,
two newly STF-based PTOFC approaches were proposed in [50,51], which can effectively overcome large initial control input and
singularity problem. Note that the STF designed in [50,51] is relatively complex, and the methods proposed in [50,51] are triggered
based on time, causing a waste of communication resources to a certain extent, which drives us to investigate a novel event-based
PTOFC approach of irregular OCNSs.

According to the preceding discussion, this article centers on the event-based uniform PTOFC issue of irregular OCNSs, which
has yet to be resolved in previous research. Conclude the contributions as follows

(1) Different from most existing methods for OCNSs [23-30], they mainly focus on OCNSs with infinite-time/deferred output
constraints, the irregular output constraints that this article focuses on include infinite-time constraints, deferred constraints,
unconstrained, constrained and unconstrained alternations, and so on, which is much more complex than the infinite-
time/deferred output constraints, and closer to the many actual systems. By devising a stretch model-based NMF, the irregular
output constraints are processed uniformly, and the significant advantage of the presented approach is its suitability for OCNSs
with infinite-time/deferred/alternate output constraints, and unconstrained systems, without necessitating modifications to the
control structure.

(2) With the aid of the STF-based PTS criteria, a novel PTSO-based PTOFC algorithm for irregular OCNSs is designed. The proposed
algorithm guarantees that the settling time of the observation system and the control system can be pre-set arbitrarily regardless
of the initial states or control parameters. Meanwhile, the problems of singularity [37-43,46,47] and large initial control
inputs [48,49] in conventional PTC algorithms are eliminated. Furthermore, the introduction of the relative threshold-based
ETC technique also saves network resources effectively.
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2. Problem statement and preliminaries
2.1. Problem statement

Consider the following irregular OCNSs

X=Xy + fi ()‘ci),i: 1,...,n—1

X, =u+f, (%,) (D)
y=x
T T . .
where %, = [x;,...,x,| stands for system state vector, X; = [x,...,x;] , y,u stand for system output and input, respectively, and
x;(i > 2) is unmeasured. f; (-) represents uncertain nonlinear continuous function with i = 1, ..., n. The irregular output constraints

need to be obeyed, i.e., x| € ﬂxl, where

By, = {x] ER

B(1) < x| < BVt Ety;.1,,1} 2

where % (1) and 2 (1) represent the upper and lower constraint boundaries respectively, satisfying 2 (1) <0< 2 (1), 0 <1, ; <t,; <
with j=1,...,m.

Remark 1. The irregular output constraints considered in this article include the following constraint types:

T-1: infinite-time output constraints, i.e., t;; = 0,7, = oo;

T-2: deferred output constraints, i.e., t;; = t5 > 0,7, = oo;

T-3: without output constraints, i.e., f;; = co;

T-4: alternate between constrained and unconstrained, such as “constrained—unconstrained— constrained” (0 = t;; < t,; <
tsn <t,, = +c0); “unconstrained— constrained— unconstrained” (0 <t,; <t,; <t;, = +00), and so on.

Evidently, the control design of irregular OCNSs poses greater challenges. In particular, it is more challenging to construct a
unified control framework to guarantee that it is suitable for a variety of irregular OCNSs (including (T-1)-(T-4)) without changing
the control structure. This article takes a step forward towards addressing this issue.

The objective of this article is to develop an event-based unified PTOFC algorithm that ensures semi-global boundedness of
system (1) with x; (0) € %,,, while also satisfying the irregular output constraints. Meanwhile, the system output is capable of
tracking the reference signal y, within a specified time.

The following assumptions are posited.

Assumption 1. y, is bounded and differentiable, and y, € (£ (1), % (1)) for Vi € [t ;.1,,].

Assumption 2. For Vy,, v, € R, and f,(-) in system (1), there exist a set of constants b; such that |f;(x;) — f;(x2)| < b; |21 — x2||-
2.2. STF-based prescribed-time stability (PTS) criteria

Lemma 1 ([20]). Give the following system

x=f(x1, f:R"XRt—-R" 3
with f(0,1) =0, x = 0 be the solution of system (3). If 3k,5 € R*, such that the LF £ (1) satisfies
A0
% (1)

then, whent > t;, £ (t) < £ (0)+6/k, and £ (t) — 6/k as t — +oo, Le., the solution of (3) is practical prescribed time stable, where
& (1) denoted the STF, as defined below

L)< -kL @) -

ZLM+6 “4)

1
—_— t e 0,[
C @) = (l—e)(lft/tf) +e [ f) (5)
1/e, 1€ [ty,+00)

where n is the order of the system, t, and 0 < ¢ < | denote positive design parameters.
It is evident that ¢ (t) possesses the following characteristics:
(i) € (1) is non-decreasing and continuous on [0, +c0), and € (0) =1, € (t;) = 1/¢;
(ii) € (1) is C" on [0, +0).

Remark 2. It should be noted that the STF designed in [37-43] (like €' (t) = 1, /(t; —1) and its deformation) approaches to infinity as
t — t;, which may result in a singularity problem during implementation of the constructed controllers. The PTS criterion presented
in [46,47], requires satisfaction of .Z < —(k 4+ 2% (t) /€ ()L + n/% () + 6 with k,n,6 € R*. The presence of #/% (), however,
still leads to singularity. The PTS criterion presented in [48,49] requires satisfaction of .2 < (x/(rt,)) (L'*/? + .£'~"/?) + § with
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7,6 € R*,r € (0,1). For the methods proposed in [48,49], the inclusion of a term with an exponent greater than 1 in the designed
control input leads to a large initial control input. In other words, under the same initial conditions, the presented PTOFC algorithm
can achieve the same control performance of that in [48,49] under the premise of smaller control input.

2.3. Fuzzy logic system (FLS)

Lemma 2 ([10]). The FLS can be utilized for the purpose of approximating a nonlinear uncertain function F(Z), i.e.,
F)=Y'Q@)+¢2). (42)|<¢¢ecR) (6)
where Y, Q(2) = [2,(2),...,2,(D17/ Z:.';l Q,(2), $(2), Z stand for weight, basis function, error and input, respectively, m € R*. 2,(2)

is selected as
—(2-9)"(2-9)

2
I

Q,(2) =exp l,...,m @

=

where 9; and 1; denote the spreads and the center vector of 2,(2).
3. Main results
3.1. Prescribed-time state observer (PTSO)

Design the PTSO as follows

=k LG (= %), i=1,..,n—1 ®
fcn:u+l,,‘zo”(;‘ (x; = %))

where €, = k (kg +% (1) /€ (1)), k and k, are positive design parameters, satisfying kk, < 1, and /; > 0 (i = 1,...,n) are suitably
selected to ensure the polynomial a” +/;a"! + --- +1,_,a + 1, is Hurwitz. Therefore, for Ve € R*, 3B = BT satisfying

ATB+BA<—-(n+1)I, DB+BD>0 9)
where
e 0 - 0 P
D= 0 1+e€ 0 A= : H : )
: : : Ly 0 - 1
0 0 - n-—l+e -1, 0 - 0

Let X; = x; — %;, and the following coordinate transformation is introduced

X

i
(bﬂi—1+e’l =1,...,n 10
0

From (1) and (8)-(10), one has

n =

o )
0

where F = [Fy,....F,| with F, = f,&)/¢""* and &, = [%,.....%,]", AF = [4F,.....4F,|" with AF, = (f,(x) - iR/,

T
n=ln.....n,| -
Choose the LF as follows

Zy =n"Bn. (12)
According to (12), one has
Zy < =(n+ D%Inl* + 2qT BF + 24T BAF. (13)

On the basis of the mean inequality, we have

SrGD VHED)
29" BF < |l + || BII? — ﬁ 14)
% G
Let L (%,) = ||B|? [flz(fc])/‘ﬁozf 4ot ff(fc,,)/(é’oz"‘zﬂe], and use the FLS to approximate it as follows
L(%,)=Y"Q(%,)+¢(%,) (15)

where Y is the unknown weight vector, 2 (%,) represents the bounded basis function satisfying ||2 (%,) || < 1, and ¢ (%,) denotes
the FLS approximation error satisfying ¢ (%,) < ¢, ¢, is unknown constant.
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Let © = max, ., {2||B|| Z;L,- b; /Cg({_i }, according to Assumption 2, one can obtain

27" BAF <2||nll|BIl (|AF|| + - + |4F,|)

b n
SHWMM< 1% |+ - +%nHLZ”H>

<Olinll (Iny] + - + 11,1
<ol (16)

Let k > Ay p/(n+ 1) and kg = (n + Dky — (1 + )/ Ayin g > 0, where A, p and 4., p represent, respectively, the maximum
eigenvalue and minimum eigenvalue of B. Then, one has

<-+ DG P+ L+ O lInlI> + YT (X,) + ¢ (%,)
(n+1)%”0 TB L +e

1+@T
By + Y| +
== 7 n+ Y+

‘max B ‘min B
% (1)
<k0+-%70)><2%-+A0 17)

where 4, = [|Y]| + ¢.

Remark 3. According to Lemma 1 and (17), one can know that %, < e%,(0) + 6/k, when t > t,, and %, (t) — 6/kj as t — +co.
Based on the expression of %, one can know that #; converges to a neighborhood centered on zero when 7 > 7. According to (10)
and kok < 1, one can further obtain |%;| < |r;| for > ¢, which means that X; converges to a neighborhood centered on zero when
t > t;. It is worthy of noting that the majority of existing output feedback control methods for OCNSs do not take into account
the setting time of state estimation error, with the exception of those presented in [26,42,43,50]. While the settling time of [26] is
contingent upon several control parameters, the approaches designed in [42,43] exist the singularity problem, and the STF designed
in [50] is relatively complex, and the PTSO designed in [50] is only suitable for second-order systems.

3.2. Prescribed-time output feedback control (PTOFC)

Firstly, a stretching function is designed as follows

40, rel0,1y))

S = 1, 1€t 1,5).)=1...m

( (18)
S+t e [tejstsjr1)sdi=1,....m—1

1@ 1 e t,,,+00)

where
2n 2n
(l - lx,l) (te,k - t)
H=-— N=——,
& @ o) Cme1 ) -
2n+1 2
] —2n (2t =ty —1,,0)"" sgn() + Q1) (2=t =t 0) " |
() =—o . _
* Ojt+1 (t jp1 = o )P (51 — o )"

with j = 1,...,m -1, sgn(-) = sgn(2t —1,; —t,;,1), 0 < 0; < | stands for the design constant. It is not difficult to see that the
convergence rate of . (#) in the neighborhood near the segment point becomes faster with the decrease of o;.

According to (18), one know that .# () exhibits the following characteristics:

@O 7@®»=1forvtelr;t,;],and & () > 1 whent >t ;~ ort— fe, ;

(ii) when ¢ belongs to a large measure subset of (0,7, ;) u (g oty jp) Ulte g, +00),j=1,....m—1, (1) = 0;

(iii) . (¢) is continuous, and . (t) € (0, 1] for V¢ > 0.

Let y; = x;. (t). Then, design the following stretch model-based NMF

_ X1
(i=-20) (20 - 1)

It is easy to obtain from (19) that if Z(0) < y; (0) < % (0), then ¢ — oo only and only if y; — 2~ (f) or y; — %" (¢). Then, one

can further obtain that if & is bounded, and £ (0) < x; (0) < % (0), then

19)

B <y <B@). (20)
Based on (20), we can further obtain

gm< <@m
7o STy

(21)
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Remark 4. According to the properties of .’ () and (21), one know that for V¢ € [t, ;,1,;1, j = 1,...,m, B(1) < x| < 4 (1) holds,
i.e., the irregular output constraints are not violated; and when ¢ belongs to a large measure subset of (0,7 ;) U ... (¢, ;,; 1)+ U
(x> +00), the constraint boundaries Z (1) /. (1) and %4 (r) /.7 (t) tend to infinity, i.e., —c0 < x; < +co. It should be emphasized that
the function . (r) serves as a ‘“‘stretching” mechanism for extending the original constraint boundaries to the infinite boundaries in
situations where no constraints are necessary.

Remark 5. Note that the conventional output feedback control algorithms for OCNSs [23-30] are only applicable to OCNSs with
infinite-time/deferred output constraints (i.e., the output constraints existing for all # > 0 or ¢ > 1,). In this article, the stretch model-
based NMF (19) is innovatively designed to establish the “continuous” switch between constrained and unconstrained, thus providing
a complete framework for irregular OCNSs. In fact, by simply adjusting the parameters, the proposed method can be reduced to the
results of [23-30,52,53] (see Remark 6). Although the latest methods proposed in [19-22] have made some breakthroughs, which
also suit for irregular OCNSs. However, the above approaches are limited to OCNSs that all states can be measured, but not suit for
irregular OCNSs with unmeasurable state.

For the sake of simplicity, in the subsequent sections, let Z = (1), 8 = Z(t),. = .7 (1).

Let z) = £ —ag. 2 = & — oy, i = 2,..on with ag = yy/ (y47 = Z) (B = ys7). ¥ = ¥, = ¥, ¥, denotes the estimation of ¥,
¥, = ||Y,'||2, i= 1,..;.,n.

Design «; and ¥, as

3 Kz, %
a = _axn _Aah (22)
K 201(525
0
_ .
o, =%z, — 4 —i=2,...,n (23)
211,-35026
3 rlﬁzz% .
¥, = -6, (24)
2a1‘56‘5
riz; S
= Zai‘ﬂg" -6¥,i=2,....n (25)
where €, = k; + 6 (1) /€ (t), k;,a;,r; € R* stand for the design parameters.
Step 1 : The first LF candidate (LFc) .%) is chosen as
_ I o2, 1o
,% —$0+;/02621+ET1. (26)
From (19), one has
E= Kx;+v (27)
with
oo 1~ A%
- B\? (5 2
(11 =2)" (%-1x)
X [(2}(1 ~B-B)Sx)— (11— B) B~ (11— B) 93]
V=
2, - 2
(n=2) (#-n)
Substituting (1) and (8) to (27), one can obtain
: ~ v
§=IC(f1(x1)+x2+zz+a1+E). (28)
From (17), (26) and (28), we have
) Kz, (f1 +% +a ¥,
L <—[n+ 1% —1-6] ||n||2+AO+M—# (29)
Goe r
where f| = fi (x;) + (0~ d9)/K + 25 = (€6y21) [ (KE)).
Based on Young’s inequality, one has
Kz x K2z
e LI G0
G 467
0 0
Then, we have
) Kz (P (2)) +a) K222 @9
:45—(n€rfo—1—@)||n||2+M——I—L+AO (31)
o el r
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o T =
where Z, =[x, %2.54]» F1 (Z1) = /i +(<50’CZ1)/4+(1C21)/<502€-
On the basis of Lemma 2, a FLS is applied to approximate F; (Z,), i.e., F; (Z;) = Y2, (Z;) + ¢; (Z;), where |¢, (Z;) | < ¢;, and
¢; € R*.
According to the mean inequality, one has
Kz, 7y (2)) - K2z, . K222
p2e - de 4e
Z 206 6

+4, (32)

where 4, = a; /2 + $1/4, a; € R™.
Substituting (22), (24) and (32) to (31), we have

i (6
A <= (n6—1-0)|Inl* - 5”15”1 + 4 (33)

(526

where 4, = 4; + 4;.
Stepi (i=2,...,n—1) : The ith LFc .%; is chosen as
_ 1 2, g
1= 26201+ At i+ L (34)
Then, one can obtain
z; (f,+l<f’x1+0t) P,

1 1 /
2i=T+e) . +Zi (35)
0

where f; =z, — &;_ — [(i — 1 + €) 62,1/ 6,.
Similar to (30), we can get
zl 6% 272
<

i~ 2
. < . + linll” (36)
2(i—1+¢€) 2i—4+42¢
, 46,

Substituting (36) to (35), one can obtain

S 7 (Fi (2;) + o 22 a2
L <Ly + Il + 2 2() ) _ - — L (37)
%)0 (i—1+€) (rpﬂ(;t(:—ue) r;
where F; (2,) =/, + z,/€ 7" + (62122)/4, Z; = [x1. 590 g1 va]
Similar to (32), one can obtain
z;F; (Zi) z%lP,- z? _
(bﬂoz(i—we) < 2ai<€g(i—l+€) + (g;(i—l+s) +4 (38)
where 4, = a,/2+ ¢?/4, a; € R*.
Substituting (23), (25) and (38) into (37), one can get
i i 55_
) . 2 j ~ A
Z <= |n=i+ 1% —1-06]]nll —Z‘; szu 0 +J—1 r—qv P+ (39)

where 4; = 25':1 4; + 4.
Step n : Introduce the following relative threshold-based event triggering mechanism

)
P

u®) = wty), t, <t <ty 41)

w(t)=—(1+m) [a tanh < ) + 7 tanh <
p

tear = i0f {1 > 1, | [K(@O] 2 mlu@)] +m; } (42)

where «(t) = w(r) — u(?), 1, represents the instances of event triggers, k € Z*, and p,m; € R, m€ (0, 1), = > m; /(1 — m).
For Vt € [t;,1,,1), one can know from (42) that

w(t) = [1 + k (Omlu() + K, (H)m, 43)
with —1 < x; (1), k(1) < 1.
Then
u(t) = w(t) _ K (1)m ) (44)

I+ Om  14k(tm
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The nth LFc %, is chosen as
1 2 2
L= ———2'+ —’I’ +.%,_

n 2%02("—1%) ntp

We can get further
(S LR HUO) B,
n= g2n=l+e) r + L
0 n

(L +L,E0%) z, (w0 - ky(Om)  BW,
2(n—1+e) 2(n—1+e€) - + L0
€, 6y (1+x,@0m) T

==&, —[(n—1+€)Cyz,1/ -

where f, =
Similar to (30) and (36), one has
1,6"%, 1222
iy L+ Il

CKOZ(n 1+e) — 4%002»1—44—26

Substituting (47) to (46), we have
ann (Zn) Zp (w(t) - KZ(t)ml) _ Zﬁ _ 'i’nqln + g + ” ”2
n= gAn=Tve) T pan=Te) () GAn=T+e) n—1 n
04 0o ( +K1(t)m) 6,

Tn

= - N " T
where Fn (Zn) = fn + Zn/%)ozo‘ 1+e) + ((ﬁozlzz,,)/éh Zn = [X],xz, s Xy yd] .
Similar to (32) and (38), one can obtain
2 2
z,F, (Z,,) zn'I/,, z N jn

(6;02(n—1+e) - 2an(g(;l(n—l+e) (g(;l(n—l+e)

where 4, =a,/2+ ¢2/4, a, € R*.
Since p > 0 and —z tanh(z/p) < 0, one can obtain that z,®(¢) < 0. Consequently, we derive

z,w(t)

z,w(t)
TG+ m)

" (1 4k, (0m)

Zpmny

—z,K,(1)my
- (gOZ(nflJre) (1 _ m)

" (1 4k, (0m)
According to (48)—(51), one can obtain

) 2P, z,m 7, YA/
.fnsz T + P - + 2+ Inl* + 4,
a,%, 0 -m n
zZ Z,, Z,T
- ——X a,,tanh( : ">+rtanh< £ >]
%po2(n—1+s) P

Utilizing the properties of the hyperbolic tangent function and = > m, /(1 — m), it is established that

P < il 7.7, 2, I 4 0.557pr + 4,
20 ‘/’4(" wo Tt 1+ llnll? +¥)( it pT+
0
Substituting (23) and (25) into (53), one can obtain

" ‘(szz. nog
. ) i N
% <_(%”0—1—6) lInll= + 4, — E —%2(1 o + E] . V¥,
i=

n S
Jj=1 J

where 4, = 4 +0.557p7 + Yoo (¢5/4+a;/2).
Since ¥;¥; < ~¥?/2 + ¥} /2, one can obtain

n g2

' , 2 it

fns_( -1-0 ||'1|| +6— Z 2(/ 1+€) ~ 2r;
j=

where 5 = 4, + X, (6,%2) / (2r,)).
Let k = min i, {k;s kg — (1 + ©) / Apyin g} With Ky > (1 + ©) /A, p- One can know from the expression of ¢, that
%(z)
L < kL, — £, +6.
7ot

Fig. 1 gives the algorithm flow chart of this article.

(45)

(46)

47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)
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T — N
X =x,+f()i=12,..n-1,

X, =u+f,(x,)

A 4

N J
u (t ) X l
4 )
) State Observer (8)
o <
= Stretch Model-Based NMF (19)
5|\ J
U& §:x1, Xyyto X,
e
g . 1th Virtual Controller ¢; (22)
5 ¥\ | 1th Adaptive Law ¥, (24)
E L <
2 S
3 ith Virtual Controller ¢, (23)
ith Adaptive Law ¥, (25) 1)
v
4 N
a, nth Virtual Controller «, (23) )
nth Adaptive Law \ifn (25)
. J

Fig. 1. Algorithm flow chart of this article.

3.3. Stability analysis

Theorem. For irregular OCNSs (1) with x; (0) € %, and Assumptions 1-2, the designed event-based PTOFC algorithm ensures

(1) All the signals of system (1) are bounded.
(2) The system output is capable of tracking the reference signal y, with a small tracking accuracy within the specified time 7,

and the irregular output constraints are being maintained.
(3) The Zeno behavior is avoided.

Proof. (1) From (56), we have
Z, 0™ 5
< .
Zn < A+e)C @) ke€ @) 57)
It is not difficult to see from (57) and .7, that the boundedness of #;, z; and ¥, can be ensured, and that the boundedness of a;,
u, ¥, and %; can be further ensured by (10), (22)-(25), then ¢ and #; are bounded. Since x; = X; + %;, one know that x; is bounded.

Thus, the boundedness of all closed-loop signals can be ensured.
(2) It can be further obtained from (57) and the expression of ¢ (¢) that

,Zﬁ,sg.,sfn(O)+%,Vrztf. (58)
According to the expression of .#, and (58), one has
<+/2(e2,0)+ ) vi> 59
211 <42 (2, 0+ 2 ) Vi 21 (59)
Since

€ (}(lydy_%g)
(1= 2) (2= x0) b2 = 2) (B =y4s7)
with e; = x; — y,, which means that e, also converge to a neighborhood centered on 0 within the specified time 7. In other words,
the system output is capable of tracking the reference signal y, with a small tracking accuracy within the specified time ¢ ’

z =

9
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In addition, x, (0) € B, , Means AB(0) < y1(0) < 2 (0). Combining the boundedness of ¢ and (19), one has
B0 <0 0)<BQ). (60)

It can be obtained from (60) and the properties of . that for V¢ € [t,;,1,;], Z < x; < 4, and when ¢ belongs to a
large measure subset of (0,7, ) U ... (t,;, %, j11) U (f, 4, +0), the constraint boundaries Z(¢) /. () and % (t) /7 (¢) tend to infinity
(i.e.,, —o0 < x; < +00), meaning that the irregular output constraints are being maintained.

(3) On the basis of the boundedness of the closed-loop signal, we can get | ()| < w with w € R*. According to (41) and
(42), one know that x(t;) = 0 and lim,_ -1 |x(#)] = mu(t;) + m;. Then one has t,,, —t, > (mu(t) + m;)/w > m, /i, meaning that
inf{t;,; — 1} > m;/w. Thus, the Zeno behavior is avoided. |

Remark 6. The “uniformity” of the presented algorithm is its suitability for OCNSs with infinite-time/deferred/alternate output
constraints, and unconstrained systems, without necessitating modifications to the control structure.

* If select 0 = #;; < t,; = 400, then ¥ = 1 holds V¢ € [0,+c0), which indicates that the presented algorithm can effectively
handle infinite-time output constraints [23-27];

« If select 0 < # =, <t,; = +oo, meaning that for ¢ € [0,), there are no constraints, and the system encounters constraints

when ¢t € [I0,+oo). This effectively equivalent to the deferred output constraints [28-30], indicating that the presented

algorithm can effectively handle deferred output constraints.

If replace x; in (19) with e;; replace the constraint function with “funnel function (or performance function)”, and select

0 =t; <t, = +oo, the proposed method turns into the funnel (or prescribed performance) control problem [52-54].

Furthermore, if select 0 < #y = 7, < t,; = +oo, then the proposed method turns into the deferred funnel (or prescribed

performance) control problem, which implies that the presented algorithm also can degenerate into prescribed-time funnel

control of deferred OCNSs. If select m = 1, then the presented algorithm is reduced to the result in [19],i.e., “unconstrained—

constrained— unconstrained”.

If select ¢, | = +oo, one can know from Remark 4 that /. — —c0, %/ — +co, indicating that the presented algorithm also

suit for unconstrained nonlinear systems.

Remark 7. Note that the proposed algorithm contains some control parameters. According to the stability analysis, the selection
of these parameters in practice follows the following rules: increasing k; and r; or decreasing a; can reduce the tracking error,
i.e., improve the tracking performance. Users can adjust parameter 7, to set the system stability time as required. Of course, in
practice, the parameters need to be combined with the system structure and actual performance requirements for general debugging.

4. Simulation

Example 1 (Theoretical system).: Give a system as follows

X] = X, +sin x% COS X
%y =u+x; (1+x3)sinx; - 1.2x,x, (61)
y=Xx.

The design parameters are selected as k; = 80,k, = 3,a; =10,r; =50,/; = 1 withi=1,2, e = 6;, =0.0001, 1, =5, Z =0.1sint-0.7,
B=01sint+0.7, 1, =41, =91, = 16,1,, = 21. Let y, = 0.55in (0.51) + sint, and ¥, (0) = 3, ¥, (0) = 2, %, (0) = [0.5,0.2]". Choose
the fuzzy membership functions as: Q; = e~&=5+)*/2 j = 1,2,j = 1,...,9. It can be known from subgraphs (a)-(d) of Fig. 2 that y
tracks y, within 7,, while also maintaining compliance with the irregular output constraints. The curves of u and w(t) are given in
subgraph (e) of Fig. 2, and the curve of the inter-execution interval is given in subgraph (f) of Fig. 2.

We compare the proposed method with that in [27] (infinite-time output constraints) to highlight the merits of the presented
method. Let y, = 0.5sin(27) + sin(r), and we select three different initial outputs: case 1: x; = 2.5; case 2: x; = 0.2; case 3: x; = —2.
One can know from subgraph (a) of Fig. 3 that the system can run normally if and only if the initial output is within the constraint
boundaries, which implying that the method proposed in [27] is obviously very conservative, i.e., when the initial output changes,
it needs to be verified again whether it belongs to the constraint boundaries, if not, the method is no longer applicable. However,
according to (b) of Fig. 3, by setting 7, ; to a small positive constant, the proposed method “stretches” the initial constraint boundaries
to the infinite boundaries, resulting in the proposed method being suitable for constraint problems with any initial output.

In addition, we also present a comparison with the approach presented in [52]. Replace x; in (19) with ¢;, oy = 0. It is
evident that if . = 1, the approach employed to manage the irregular output constraints in this article reduces to the method
presented in [52] (funnel or prescribed performance control). Note that for the method in [52], the initial error needs to be satisfied
e (0) € (£(0), 2(0)). However, in contrast to the approach presented in [52], a significant advantage of our method is that it is
applicable to any bounded initial error. To verify this, we choose three different initial errors: Case 1: ¢;(0) = 2.5; Case 2: ¢; = 1;
Case 3: ¢) = -2.5. Let t;; = 1,7, = +co. One can see from subgraphs (a) and (b) of Fig. 4 that the method presented in [52] applies
only to case 2, the proposed algorithm, however, remains efficacious for all three cases. Additionally, the approach presented in [52]
fails to account for the settling time, whereas the proposed method guarantees stability within a prescribed time.

To substantiate the superiority of the presented PTOFC approach, we conduct a comparative analysis with the approach presented
in [49]. Let y, = 0.5sint, X, = [1,1.2]7, 1,1 = +oo (i.e.,unconstrained situation). It can be inferred from Fig. 5 that the presented

10
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Fig. 2. (a) Curves of y,,x,,%, (b) Curves of x,,%, (c) Curves of x; — y,;,x; — %, (d) Curve of x, — %, (e) Curves of u(r) and w(r) (f) Curve of the inter-execution

interval.
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Fig. 3. (@) Tracking curves under the method in [27] with different initial outputs (b) Tracking curves under the proposed method with different initial outputs
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Fig. 4. (a) Tracking error curves under the method in [52] with different initial errors (b) Tracking error curves under the proposed method with different
initial errors.
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R —u(t)—Method in [49]
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=0.5 =0
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Fig. 5. (a) Tracking curves of the proposed method and that in [49] under the same initial conditions (b) Control inputs of the proposed method and that
in [49] under the same initial conditions.

PTOFC approach is suit for nonlinear systems without output constraints. Moreover, the proposed PTOFC approach can attain
comparable control performance as demonstrated in [49], while requiring significantly smaller initial control input than that of [49].

Example 2 (Practical system).: Consider a single-link robot arm system [16] as follows

X =Xy
. _ —mglsinx; _ Bx u 62
== ~m Tu (62)
y=x

where m=0.02 kg,g =98 m/s>,I =1 m,M =1kg, B=1.

Let y; = 0.5c0s(0.5¢) — 0.4sin(0.25r) — 0.25, k; = 80,k, = 3,a0; = 0.1,r; = 50,/; = 1 with i = 1,2, ¢ = 5} = 0.0001, t, = 4,
B =—-04+001sint, B =04+001sint, 1, = 10.5,1, = 27,15 = 35.5,1,5 = 52,13 = +00, ¥, (0) = 3, ¥, (0) = 2, %, (0) = [0.51,0.5]".
Choose the fuzzy membership functions as: ©; = e @=5+)*/2 j=1,2,j=1,...,9. It can be known from subgraphs (a)-(d) of Fig. 6
that y tracks the y, within 7, while also maintaining compliance with the irregular output constraints. The curves of u and w(t) are
given in subgraph (e) of Fig. 2, and the curve of the inter-execution interval is given in subgraph (f) of Fig. 2.

We compare the proposed method with that in [27] (infinite-time output constraints). Let y, = 0.5sin(2r) + cos(?), and we select
three different initial outputs: case 1: x; = 2.5; case 2: x; = 1.1; case 3: x; = 0. According to subgraph (a) of Fig. 7, one can see
that the system can run normally if and only if the initial output is within the constraint boundaries. However, it can be seen from
(b) of Fig. 7 that by setting ¢, to a small positive constant, the proposed method being suitable for constraint problems with any
initial output. In addition, we also present a comparison with the approach presented in [52] (funnel or prescribed performance
control). Replace x; in (19) with e, a; = 0. We also choose three different initial errors: Case 1: e;(0) = 2.5; Case 2: e¢; = —1; Case
3: e = =2.5. Let t;; = 1,1,; = +o0. One can see from subgraphs (a) and (b) of Fig. 8 that the method presented in [52] applies
only to case 2, the proposed algorithm, however, remains efficacious for all three cases. Furthermore, we conduct a comparative
analysis with the approach presented in [49]. Let y; = sin(0.5¢) + 0.5sint, X, = [1.5,1.2]T, t,1 = +oo (i.e.,unconstrained situation).
One can infer from Fig. 9 that the presented PTOFC approach is suit for nonlinear systems without output constraints, and it can

12
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Fig. 9. (a) Tracking curves of the proposed method and that in [49] under the same initial conditions (b) Control inputs of the proposed method and that
in [49] under the same initial conditions.

attain comparable control performance as demonstrated in [49], while requiring significantly smaller initial control input than that
of [49].

5. Conclusion

In this article, a novel event-based uniform PTOFC algorithm for irregular OCNSs is presented, under which the settling time
can be pre-set arbitrarily, regardless of the initial system states and control parameters. Meanwhile, the problems of singularity
and large initial control input in conventional PTC algorithms are eliminated. The irregular output constraints are processed by
devising a novel stretch model-based NMF, and the significant merit is its suitability for infinite-time/deferred/alternant OCNSs, and
unconstrained systems, without necessitating modifications to the control structure. Our further focus will be on the event-based
PTOFC and application of stochastic irregular OCNSs.
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